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This thesis came up with a conceptual model of Brownian thermometer 
based on the fluorescent ability of upconversion nanoparticles and the law of 
Brownian motion for particles in fluid. The working principle is: calculate the 
number of particles at a specific position in fluid by collecting the data of 
upconversion fluorescence like light intensity, then estimate the liquid 
temperature based on the relationship between the temperature of fluid and 
the distribution of Brownian particles. One core problem of this thesis is to 
explore the relationship mentioned above, while another one is to find out 
how upconversion process influences Brownian motion. 
 The thesis began with the review of Brownian motion theories and a 
brief introduction of upconversion materials. A conceptual model of 
Brownian thermometer was presented after that. 
 Then with the help of MATLAB software, we simulated the Brownian 
motion of a single nanoparticle on the basis of several equations in Brownian 
motion theories. We obtained the Brownian motion 2D trajectory of the 
particle in water, and successfully expanded the model to multiple particles 
and to 3D space. This was followed by building a dynamic model which can 
predict the distribution of thousands of Brownian particles at different time. 
 In results and discussion section, we verified our model by comparing 
simulated and theoretical diffusion coefficient and by a case-control 
simulation on COMSOL Multiphysics platform. After that, we demonstrated 
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that the precision of our model can be enhanced by increasing the sample 
size, which includes sampling period and number of particles. The influences 
on Brownian motion from upconversion process was discussed, with the 
conclusion that upconversion can make affect by changing fluid temperature 
thus influence Brownian motion indirectly. Finally we demonstrated the two 
mechanisms of influences from temperature. One is a direct influence on the 
distribution by changing motion speed and displacement, while another one 
is an indirect influence by forming a bulk flow under an uneven temperature 
inside the liquid. We simulated the results of the two mechanisms 
respectively.  
In conclusion, the thesis simulated the relationship between liquid 
temperature and the distribution of Brownian particles and considered the 
possible influences from upconversion process on Brownian motion, and 
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1.1 Brownian motion theory 
Brownian motion is the random motion of microscopic particles suspended 
in a fluid resulting from their collision with the quick atoms or molecules in 
the liquid or gas. This phenomenon is named after British botanist Robert 
Brown. In 1827, while looking through a microscope at particles trapped in 
cavities inside pollen grains in water, Brown noted that the particles moved 
through the water randomly but failed to explain the mechanisms that caused 
this movement. He supposed that active molecules were inside those 
particles thus there was no relationship with the surrounded liquid. 
 
Figure 1. Brownian motion trajectory of a single particle 
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 The mechanism of Brownian motion had not been explained for many 
decades. In 1905, Albert Einstein published a paper that explained in precise 
detail how the Brownian motion was a result of the particle being moved by 
individual liquid molecules( Einstein, 1905). Einstein published 5 papers 
totally in that year, including the famous theory of relativity. Among them the 
paper about Brownian motion may be the least well-known one, however it 
has been cited more than special relativity. In his second work of his Annus 
Mirabilis papers, titled On the Motion of Small Particles Suspended in a 
Stationary Liquid, as Required by the Molecular Kinetic Theory of Heat 
( Einstein, 1905), although he didn’t mention Brownian motion directly, he 
derived the mean squared displacement formula for suspended particles’ 
random motion in fluid, that is: 







where R is the gas constant, T is the absolute temperature, N is the Avogadro 
constant, k is the viscosity coefficient of the liquid, P is the radius of particle. 
The paper pointed out that under the value of N=6×1023mol-1, a suspended 
particle in water of 17 ℃ can perform a mean displacement of around 6 μ
m. This can be verified by the model developed in the latter part of my thesis. 
In turn, with precise experimental data, the formula can be used to determine 
the value of N. This inspired me to measure the diffusion coefficient value D 
with simulated displacement, although I chose other formula rather than 
Einstein’s. It will also be discussed in the latter part of my thesis. Einstein also 
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calculated that a micro particle with the diameter of 1 μm and the density 
of 1 g/cm3 can perform translation or rotation in a minimum time interval of 
around 0.1 s, this conclusion is verified and applied by many latter scientists, 
and it is the reason why I take 0.1 s as the step sampling time interval for my 
model in this thesis. 
 After Einstein’s theory about Brownian motion was published, many 
scientists continued to research in experimental methods. Among them the 
most successful one is French physicist Jean Baptiste Perrin who was 
awarded of Nobel prize in 1926 as his contribution to Brownian motion 
related research. Perrin first conducted detailed observation of Brownian 
motion using ultramicroscope and proved Einstein’s theoretical calculation 
was correct (Perrin, 1909). He continued the research with a variety of 
experimental methods, and derived that Avogadro constant should be around 
6.5×1023mol-1.  
 In theoretical research fields for Brownian motion, French physicist Paul 
Langevin derived a Newton’s equation for single particle under a random 
force F(t) : 
dγ
dt
= −𝑘𝜐 + 𝐹(𝑡) 
The friction coefficient was derived by Stokes formula k = 6πηα/m，while η 
is viscosity of liquid, α is radius of the spherical particle, and m is the mass 
of the particle. This became the first stochastic differential equation in 
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history (HAO Bai-Lin, 2011). To derive the instantaneous speed of the 
Brownian particle, we can integrate the equation: 
𝜐(𝑡) = 𝜐0𝑒




What matters is not the instantaneous value, it should be the mean value by 
time instead. Langevin’s equation is the principle of force analysis for single 
particles when modeling their movement, the complete force analysis will be 
presented in the second section of this thesis. 
    The next significant development for Brownian motion research is the 
application of fluctuation dissipation theorem (FDT) as it is a powerful tool in 
statistical physics for predicting the behavior of systems that obey detailed 
balance. However I will not present the detailed application here as my thesis 
doesn’t involve related methods directly. 
 Considering the solution of Langevin’s equation relies on the distribution 
of random variables, people noticed that it should be a set of multiple 
trajectories rather than a single one. American mathematician Norbert 
Wiener’s first introduction of continues integral with infinite dimensions 
promoted a new breakthrough in Brownian motion research (Wiener, 1966). 
For a single Brownian particle, if the positions at two different time ti+1 and ti 
are mutual independent to each other, and both obey the Gaussian 
distribution, the whole movement trajectory should joint distribution of 

















The adjacent time interval ε = ti+1 - ti should be small enough so that the 



























This method will be involved in the modeling section of my thesis when we 
present an average state and more realistic trajectories based on the 
computing for thousands of particles. 
1.2 Brief introduction of upconversion  
Photon upconversion has been an attractive research focus in the fields of 
materials chemistry and physics as the ability to generate photons at shorter 
wavelengths than the excitation wavelength after being simulated by laser 
(Xiaogang Liu, 2015). In general, upconversion processes can be divided into 
three main excitation methods, which are Excitation State Absorption (ESA), 
Energy Transfer Upconversion (ETU) and Photon Avalanche (PA) (Wang F, 
Liu X G, 2009). Photon upconversion materials have application potential in a 
variety of different fields. With light energy utilization mechanisms including 
light absorption, light conversion, light transfer and surface reaction, 
upconversion materials can effectively convert radiation into shorter 
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wavelength fluorescence, thus exhibit application potential in improving 
solar energy utilization ( Wang G F, 2011 ). Another popular utilization is 
fluorescent imaging. Since the first attempt of using up-converting phosphors 
(200~400 nm) in high performance imaging of biological cell (Zijlmans, 
1999), people have been showing particularly interests to upconversion 
fluorescent nanoparticles, a variety of these materials have been successfully 
synthesized. Compared to traditional fluorescent materials such as 
fluorescent protein, organic fluorescent dyes and quantum dots, which faces 
many limitations like low photo stability (Jaafar I H, 2011), cytotoxicity 
( Chatterjee D K, 2008 ), limited detection sensitivity and background 
autofluorescence ( Weiss S, 1999), upconversion fluorescent nanomaterial 
exhibit a lot of advantages, such as good chemical stability ( Park Y I, 2009 ), 
low toxicity ( Abdul Jalil R, 2008 ), high detection sensitivity ( Johnson N J J, 
2010 ), less biological tissue injury ( Jiang S, 2010 ) and excellent 
penetrability (Chatterjee D K, 2008). Such advantages have made 
upconversion fluorescent nanoparticles a hotspot in interdisciplinary 
research for material science and biomedicine.  
In my thesis, I present a potential application of upconversion 
nanoparticles to act as micro thermometer, which is particularly for 
biological tissue. It is also a utilization of upconversion material’s fluorescent 
function in biomedicine. 
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1.3 Conceptual model of a Brownian thermometer  
Here I present a conceptual model of Brownian thermometer based on 
particles’ Brownian motion characteristic and their upconversion ability. 
 
Figure 2. A conceptual model of a Brownian thermometer 
 
 
First, a certain number of upconversion nanoparticles are released from the 
particle releaser. As their size is micro enough (e.g. radius is 35 nm), they will 
perform Brownian motion in the liquid. Their movement is influenced by 
some factors such as liquid temperature and viscosity. The higher the 
temperature, the faster the movement. There is a relationship between liquid 
temperature and particle displacement, it can decide the number of particles 
arrive a certain location(This is the core problem of this thesis). After some 
time, a certain number of particles will appear in an appointed location 
where we can use 980 nm Laser to excite. As their upconversion 
characteristic, the particles will release upconverted fluorescence, which can 
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be detected by the optical detector. According to the optical intensity the 
detector captured, we can calculate the number of the particles, thus we can 
backward derive the liquid temperature.     
 Besides temperature measurement for micro scale solution, one 
advantage of this model should be application in biological tissue 
temperature measurement. First aspect is that the visible light is released by 
rare earth upconversion material under excitation of near-infrared light, 
which will not cause tissue injury. This is a remarkable advantage compared 
to traditional fluorescence probes as the latter usually involve ultraviolet 
light excitation which is harmful to tissue. Second aspect is about penetrate 
limitation, which can be enhanced by the utilization of near-infrared 
excitation light. For example, PEI covered NaYF4:Yb, Er nanomaterial can 
present distinct fluorescence even in a 10 mm deep tissue (Chatterjee, 2008).  
These advantages make the conceptual Brownian thermometer a good 
application potential in biomedicine especially for biological tissue 
temperature measurement. 
 However, to make the conceptual model work, we need to solve a core 
problem, that is, determine the relationship between fluid temperature and 
upconversion nanoparticles displacement, and it will involve two aspects of 
simulation. First is the simulation of Brownian motion of conventional 
nanoparticles which have no ability of upconversion. The factors will include 
particle size, fluid temperature and viscosity, etc. Second is the possible 
difference from upconversion particles and their excitation and fluorescence 
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process. Considering the factors that affect Brownian motion, I choose 
temperature change as the main influence factor brought by upconversion.  
2.Methods 
The simulations and modeling are based on MATLAB which performs 
excellently in numerical computation, visualization and programming. In 
addition, COMSOL Multiphysics which is a powerful finite element analysis, 
solver and simulation software is used to verify and rectify our model.  
 For clear presentation and convenient statement, I will present a handful 
of important modeling codes in my following contents, while the completed 
source codes can be found in the Appendices of the thesis.  
2.1 Modeling principles 
In modeling and simulating Brownian motion problems, the most important 
work is to solve the diffusion equation, which can be solved in two different 
methods, as a reference from the Brownian motion solving model at Comsol 




+ ∇ ∙ (−𝐷∇𝒸) = 0 
The described position is given at (0,0) with an initial condition given by a 
delta function: 
𝒸0 = 𝛿(0,0) 
With the initial delta function, particles begin to diffuse from the initial 
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releasing position radially outwards to all directions. 
 Second way is force analysis for single particles. The particles diffuse 
from high to low number density under the combination of Brownian force 





















Here is the meaning of each symbol: 
. 𝑚𝑝 is the particle mass (SI unit: kg)  
. 𝜏𝑝 is the particle velocity response time (SI unit: s)  
. 𝑣 is the velocity of the particle (SI unit: m/s)  
. 𝑢 is the fluid velocity (SI unit: m/s). In our model, in order to obtain the 
purely Brownian motion characteristics, we set 𝑢 to zero. 
. 𝑟𝑝 is the particle radius  
. 𝑇 is the absolute fluid temperature  
. 𝑘𝐵 is Boltzmann’s constant  
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. 𝜇 is the fluid viscosity, and  
. 𝜁 is a normally distributed random number with a mean of zero and unit 
standard variation.  
 Although the theoretical equation of force analysis is not very complex, 
considering that the movement of particle is continuous processing all the 
time, it will be very difficult to simulate the particle’s instantaneous velocity 
and displacement. This can be a little simplified by setting time interval to a 
certain small number like 0.1s rather than computing continuously, however, 
the computation will be still very huge for even a single particle. Therefore, 
we need to simplify the model to achieve an effective computation on the 
premise of simulating the realistic experimental observation of Brownian 
motion by other scientists. 
2.2 Simulation for a single particle 
The sampling time interval is set to 0.1 s which was explained in Introduction 
section. The simulation ending time is 50 seconds, thus the total sampling 
time NP should be set to 500. In order to define the random motion, which is 
mentioned above as 𝜁, we use the Matlab function randn( ), which generates 
normally distributed pseudorandom numbers. This reflects the randomicity 
of particle velocity and displacement in Brownian motion thus the simulation 
results will accords with the experimental observation. Then I cumulated the 
displacements by time to present the particle trajectory. Finally the squared 
displacement was calculated and presented. Here is the core code and the 
resulted figure, while the completed code is attached in Appendix 1. 
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d    = 7.0e-8;              % Particle diameter, meter 
eta  = 1.0e-3;              % Viscosity of water at 293 K, Pa·s 
kB   = 1.38e-23;            % Boltzmann constant 
T    = 293;                 % Temperature of fluid, Kelvin 
  
D    = kB * T / (3 * pi * eta * d); %Theoretical D 







sqrDisplacement = ( x .^ 2) + ( y .^ 2); 
 
   
Figure 3. Trajectory and squared displacement of a single particle 
(a) Trajectory of a single particle; (b) Squared displacement of the particle, while 
the black line shows the ideal value which is proportional to D. 
The black line in Figure 3(b) is the ideal value of squared displacement that 
derived from the following equation: 
[|𝑟(𝑡 + 𝜏) − 𝑟(𝑡)|2] = 2 𝑑 𝐷 𝜏 





It can be seen that squared displacement is proportional to the diffusion 
coefficient D, thus resulted a straight line. Mean, from this equation, we can 
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understand the meaning of k in the code, that is, the scale limitation of 
displacement of the particle movement each time.  
𝑘 = √𝑑 · 𝐷 · 𝜏 
where d is the movement dimensions. 
 It is notable that although the trend is similar, the simulated and ideal 
squared displacements don’t match well. The reason it, with only a single 
particle and a small number of samples, deviation from the line can be very 
large. This will be discussed in latter content of the thesis.  
2.3 Simulation for multiple particles 
The principle for single particle simulation can be directly applied to multiple 
particles (although the complexity of the algorithm program will increase 
sharply). It is notable that with multiple particles, the distribution can be 
displayed directly. Here is the distribution of 500 particles at different time 
after they were released from the circle center. The code for this simulated 
animation is attached in Appendix 2. 
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Figure 4. Distribution of Brownian nanoparticles 
We can see clearly that more and more particles will diffuse to outer circle as 
time goes by. From this simulation result, it is hopeful to determine the 
relationship between particles’ position and environment properties like 
liquid temperature. This will be discussed in the followed section.  
  The principle of the motion and 2D simulation can also be expanded to 3D 
modeling, which makes it possible to simulate Brownian motion in more 
realistic conditions.  
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Figure 5. 3D Simulation for trajectory and distribution of Brownian particles 
The simulation code is attached in Appendix 3, which can also animate the 
motion process. 
3. Results and Discussion 
3.1 Verification of the simulation 
First thing need to be confirmed is the validity of the model. In former section 
we already derived the theoretical diffusion coefficient D was 6.129×10-12. It 
is notable that we can also derive a simulated diffusion coefficient from the 
simulation results for displacement of particles, all we need to do is add to 
line of codes to Appendix 1. 
dsqrDisplacement =( dx .^ 2) + ( dy .^ 2);  
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simulatedD= mean(dsqrDisplacement)/( 2 * dimension * interval ) 
We conducted 5 times of simulation with the results: 
Table 1. Relative error between simulated and theoretical diffusion coefficient  
No. 1 2 3 4 5 Mean 
Simulated 
D 
6.147×10-12 5.964×10-12 6.185×10-12 6.123×10-12 6.180×10-12 6.120×10-12 
Relative 
error 
0.288 % 2.684 % 0.913 % 0.082 % 0.839 % 0.961 % 
 
The mean relative error between simulated and theoretical value is less than 
1%, thus our treatment for particle movement is proper. 
For further validation of my model, COMSOL Multiphysics is applied to 
build control simulation. COMSOL Multiphysics is a powerful platform for 
engineering simulation especially for multi-physics problems. Our model 
involves flow field, force field and thermal field, thus COMSOL can provide 
realistic simulation. 
When comparing with COMSOL’s simulation, I choose the particle 
movement results directly rather than using diffusion coefficient. The 
transmission probability, which means the number of particles located in the 
outer circle divided by the total number at the end of simulation (100s), will 
be calculated and compared. To avoid calculation error, a large sample with 
5000 particles is picked (although it increased the computation time sharply). 
We conducted 1 simulation with diffusion equation method and 4 
simulations with particle tracing method.  
In MATLAB I also made a program to calculate the ratio of being 
appeared in outer circle for 5 times, the source code is in Appendix 4.  
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Figure 6. Location appearance probability simulated by MATLAB and COMSOL 
Table 2. Simulation results by MATLAB and COMSOL 
Simulation 1 2 3 4 5 Mean 
COMSOL 
results 
0.2309 0.2398 0.2378 0.2351 0.2420 0.2371 
MATLAB 
results 
0.2366 0.2392 0.2438 0.2300 0.2338 0.2367 
 
It can be seen that the results of my MATLAB simulation model for Brownian 
motion are quite round to finite element analysis results by COMSOL.  
3.2 Errors 
In the former section when we simulated the displacement of single 
Brownian particle, it has been pointed out that the curve of squared 
displacement doesn’t match the theoretical straight line very well with a too 
small sample size of only 1 particle. Now we try to expand the sample size to 
10 particles and take their mean value of squared displacement to study its 
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fluctuation with the theoretical straight line. 
 
 
Figure 7. Squared displacement of simulated-mean-theoretical 
 
We are delighted to find that the mean simulated squared displacement can 
match the theoretical line very well with same trend and rather weak 
fluctuations. It proves that our simulation model can perform higher 
precision when the sample size increases. 
For more intuitive explanation the relationship between Brownian 




Figure 8. Sample size and mean squared displacement 
The two blue curves presented are uncertainty, which stands for the scale of 
standard error. The error scale decreases as square root of sample size, while 
the standard error is in inverse proportion to the square root of the number 
of samples. We can learn from the figure that the larger the sample size is, the 
smaller the sample error will be and the closer the simulated mean value 
gather to the theoretical one. When sample size is large enough, the mean 
squared displacement will be stabilized to the scale of uncertainty curve.  
3.3 Influences from upconversion process 
In the above modeling, simulations and discussion, we mainly simulate the 
Brownian particles as conventional ones rather than specified upconversion 
particles. Besides setting the particle size to common upconversion 
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nanoparticles in the simulations, we had not considered more influence 
brought by upconversion process to the motion. When we consider the 
detailed main factors that can affect Brownian motion, including liquid 
temperature and viscosity, we can find that the most direct factor that has 
relationship with upconversion should be temperature. Two factors from 
upconversion may release heat and make change to the temperature of the 
surrounding liquid. First is that the excitation laser can leave residual energy 
to the solution and the dissipative energy will be released as heat energy thus 
increase the temperature of solution. Second is that there will be some 
energy dissipation when the particles generate upconverted fluorescence 
after being excited by the excitation laser. Although the energy dissipation 
happened in upconversion process may bring change to the solution 
temperature, this influence should be very weak, and at present there is not 
any detailed experimental data can present this relationship, thus here I only 
simulate in conceptual model in a large temperature range to show how the 
temperature change will influence the distribution of Brownian particles. It 
should be noted that this is the core problem of this thesis. 
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Figure 9. Brownian particles distributed in 3 circles/circular rings 
The three circles in Figure 9 are the domains we are going to conduct 
statistics and computation. 2000 Brownian particles were released from the 
circle center, the number of particles in each circle/circular ring will be 
counted and particle percentage in each domain will be calculated then, thus 
the relationship between fluid temperature and special distribution of 
particles can be derived.  
We used water as the fluid environment, and simulated Brownian motion 
for the particles under 6 different temperatures. It needs to be mentioned 
that water viscosity has strong relationship with temperature, the value of 
viscosity decreases with water temperature. So before conducting the new 
batch of computation, we should understand the mechanism of temperature 
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influences Brownian motion might be like this: when temperature increases, 
particle movement becomes more active; meanwhile the viscosity decreases, 
making the resistance for particles smaller, thus movement will be faster. The 
viscosity and simulated results at different time are presented in Table 3, 
where the domain % represents the percentage of particles located in the 
domain. The source code of this simulation is in Appendix 5. 











293.36 1.0000 51.84 42.86 5.3 
294.16 0.9810 50.32 43.82 5.86 
303.16 0.8007 43.34 46.68 9.98 
313.16 0.6560 36.52 47.12 16.26 
323.16 0.5494 30.60 46.48 22.62 
353.16 0.3565 19.22 38.12 39.66 
 
It can be easily found from the table that, with the temperature increases, 
particle percentage in inner circle keeps decreasing, while outer circular 
particle concentration keeps increasing. The results confirmed that the 
conceptual model developed at the beginning of this thesis is promisingly to 
work. 
Of course, upconversion process may only generate very small influence 
on temperature change, which may not be detected with the previous 
simulation. However, as mentioned above, the precision of our model can be 




Another more significant influence may come from the excitation by laser 
to upconversion nanoparticles as energy dissipation of the laser may bring 
temperature unevenness within the fluid. Small change of temperature may 
cause turbulent flow inside the liquid and eventually form bulk flow. Here are 
the simulated results for Brownian motion in water with magnitude of 1 k 
along the x direction. 
 
Figure 10. Influence of temperature on the Brownian motion trajectory 
We are surprised to find the distinct influence on motion trajectory by bulk 
flow caused by temperature unevenness. Although particles presented a 
global shift in the motion trajectory in macroscopic scale (actually still very 
tiny scale in actual world), we should know that in microcosmic scale, the 
displacement direction of particles for each step is random relative to the 
fluid, the characteristics of Brownian motion don’t change. 
Of course, energy dissipation by the excitation laser may only bring small 
change of temperature which is not at the same magnitude order of 1 k, it 
should not be ignored for the influence from the uneven temperature and the 
resulted bulk flow on Brownian motion of upconversion nanoparticles.  
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4. Conclusions 
(1) The Brownian motion model built for a single particle is testified to be 
correct, while it can be expanded to multiple particles and to three 
dimensions space. 
(2) The precision of the model for the trajectory and distribution of 
Brownian particles can be enhanced by increasing sample size, including 
number of particles and sampling period. 
(3) Compared to conventional Brownian particles, upconversion 
nanoparticles may bring extra influences to Brownian motion mainly by 
changing the liquid temperature. 
(4) Temperature change resulted from upconversion process may cause the 
influence to Brownian motion in two mechanisms. One is a direct influence 
on the distribution by changing motion speed and displacement, while 
another one is an indirect influence by forming a bulk flow under an uneven 
temperature inside the liquid. 
(5) No matter the energy dissipation resulted by upconversion process of the 
particle itself, or the dissipation of the residual energy of the excitation laser, 
the released heat may be very weak, thus may only cause tiny temperature 
change. However, considering the application scenario of our conceptual 
model, which is mainly designed for temperature measurement for biological 
tissue, even micro temperature change should not be neglected. 
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d    = 7.0e-8;              % Particle diameter, meter 
eta  = 1.0e-3;              % Viscosity of water at 293 K, Pa?s 
kB   = 1.38e-23;            % Boltzmann constant 
T    = 293;                 % Temperature of fluid, Kelvin 
  
D    = kB * T / (3 * pi * eta * d); %Theoretical D 











sqrDisplacement = ( x .^ 2) + ( y .^ 2); 















Source code 2: Dynamic simulation for multiple Brownian particles 
NP=500;%particle number 
NT=200;%time interval number 
  
%parameters for liquid and particles 
d    = 7.0e-8;              % radius  
eta  = 1.0e-3;              % viscosity of water  
kB   = 1.38e-23;            % Boltzmann constant 
T    = 300;                 % Temperature  
%Computing the theoretical diffusion coefficient 





time = interval * 1:NT; 
  
k = sqrt(D * dimension * interval); 
  
%store the multiple particles 
particle = { }; 
  
for i=1:NP 
    particle{i} = struct(); 
    particle{i}.dx=k*randn(1,NT); 
    particle{i}.x=cumsum(particle{i}.dx); 
    particle{i}.dy=k*randn(1,NT); 





    clf; 
    hold on; 
     
    for i=1:NP 
        plot(particle{i}.x(tt),particle{i}.y(tt),'*'); 
    end 
     
    circle(5e-5); 
    circle(3e-5); 
    circle(1e-5); 
     
    axis([-5e-5 5e-5 -5e-5 5e-5]); 
    hold off; 












d    = 1.0e-6;              % radius  
eta  = 1.0e-3;              % viscosity of water 
kB   = 1.38e-23;            % Boltzmann constant 
T    = 293;                 % Temperature in Kelvin 
%theoretical D 




time = interval * 1:NT; 
k = sqrt(D * dimension * interval); 
particle = { }; 
  
for i=1:NP 
    particle{i} = struct(); 
    particle{i}.dx=k*randn(1,NT); 
    particle{i}.x=cumsum(particle{i}.dx); 
    particle{i}.dy=k*randn(1,NT); 
    particle{i}.y=cumsum(particle{i}.dy); 
    particle{i}.dz=k*randn(1,NT); 
    particle{i}.z=cumsum(particle{i}.dz); 
end 
  
%draw the trajectories for the 10 particles respectively 
plot3(0,0,0); 
hold on; 








    clf; 
    
plot3(particle{1}.x(tt),particle{1}.y(tt),particle{1}.z(tt),'*'); 
  
    hold on; 
    for i=1:NP 
        
plot3(particle{i}.x(tt),particle{i}.y(tt),particle{i}.z(tt),'*'); 
    end 
    axis([-5e-5 5e-5 -5e-5 5e-5 -5e-5 5e-5]); 
    grid on; 
    %    axis([-9e-6 9e-6 -9e-6 9e-6]); 
    hold off; 
    pause(0.5); 
end 
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Source code 4: Compare with the simulation model in COMSOL  
NP = 5000; 
NT = 1000; 
d    = 2e-7; 
eta  = 2e-5; 
kB   = 1.38e-23;  
T    = 300; 
D    = kB * T / (3 * pi * eta * d); 
  
dimension = 2; 
interval = .1;  
k = sqrt(D * dimension * interval); 






particle = { }; 
  
for i=1:NP 
    particle{i} = struct(); 
    particle{i}.dx=k*randn(1,NT); 
    particle{i}.x=cumsum(particle{i}.dx); 
    particle{i}.dy=k*randn(1,NT); 
    particle{i}.y=cumsum(particle{i}.dy); 
end 
  











%transmission probability  
sum_in=0; 
sum_out=0; 
for i= 1:NP 
    if particle{i}.x(NT)^2+particle{i}.y(NT)^2<=rin^2 
        sum_in=sum_in+1; 
    elseif particle{i}.x(NT)^2+particle{i}.y(NT)^2<=rout^2 
        sum_out=sum_out+1; 
    end 
end 
  
trans_percentage=sum_out/(sum_out+sum_in) %formula in comsol 
  
real_trans=sum_out/NP   
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Source code 5: Simulate the distribution of particles in 3 circle/rings 
NP = 5000; 
NT = 1000; 
d    = 2e-7; 
eta  = 0.3565e-3 
kB   = 1.38e-23; 
T    = 353.16 
D    = kB * T / (3 * pi * eta * d); 
dimensions = 2; 
tau = .1;  
k = sqrt(D * dimensions * tau); 
time = tau * 1:NT; 




particle = { }; 
for i=1:NP 
    particle{i} = struct(); 
    particle{i}.dx=k*randn(1,NT); 
    particle{i}.x=cumsum(particle{i}.dx); 
    particle{i}.dy=k*randn(1,NT); 





   
for i=1:NP 











for i= 1:NP 
    if     particle{i}.x(NT)^2+particle{i}.y(NT)^2<=rin^2 
        sum_in=sum_in+1; 
    elseif particle{i}.x(NT)^2+particle{i}.y(NT)^2<=rmiddle^2 
        sum_middle=sum_middle+1; 
    elseif particle{i}.x(NT)^2+particle{i}.y(NT)^2<=rout^2 
        sum_out=sum_out+1; 
    end 
end 
%compute the percentage of particles in each circle/ring 
inration=sum_in/NP 
middleratio=sum_middle/NP 
outratio=sum_out/NP 
 
